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Abstract 
 
Considered by this article are static and dynamic deformation of the stem with the ear of wheat and of the individual 
grain. The purpose of the article is to determine the factors of influence on the ear of wheat to isolate the grain 
The ear fluctuations are considered within the Euler-Bernoulli bar theory. The first stage studies the dynamics of the 
plant as a whole, the second stage studies the dynamics of an individual grain in a moving system associated with the 
ear. The model of the ear and the grain fluctuation uses the mechanical characteristics of elastic bonds and elastic 
bodies, which are determined by spring stiffness’s, elastic moduli, etc. The natural frequencies shows that at the value 
of natural frequencies of grain fluctuations 131,6 Hz and 1274,9 Hz the grain itself fluctuates predominantly, and at 
frequencies 1622,8 Hz, 7367.3 Hz, 9396.0 Hz and 13491,0 Hz the flakes vibrate.  
 
Key words: early stages of maturation, ear fluctua-tions, grain of wheat, harvest, mathematical model. 
 
INTRODUCTION 
 
Agriculture was and is the most important 
sector of our country’s national economy. 
Agribusiness must meet the growing needs, on 
the one hand, of the population for food, and, 
on the other hand, of the industry - for raw 
materials (Andruszczak P.K.S. et al., 2019; 
Berihuete-Azorín M. et al., 2020). Modern 
production implies a highly efficient use of the 
production potential of the agro-industrial 
complex; technical, quality and, especially, 
reliability upgrade of agricultural machinery; 
reducing losses and improving the quality of 
agricultural products. 
Modern agriculture is unthinkable without the 
cultivation and production of grain crops. Grain 
crops occupy an area over 40 million hectares 
in the Russian Federation, which is 10% of the 
world's land area. Grain is the main and 
indispensable product in the human diet as well 
as productive farm animals and the main 
element of food security (Pakhomov V. et al., 
2015; 2016; Rybas I. et al., 2016). Grain crops 
have high nutritional, taste and dietary proper-
ties. Grain production achievements, are 
essentially one of the most important indicators 

of the development level of agriculture in 
general. 
The leading role among grain crops belongs to 
wheat and barley. They occupy more than half 
of the global acreage. This explains the close 
attention to all issues in one way or another 
related to the production and harvesting of 
these crops (Buryanov M. et al., 2015a; Rykov 
V. et al., 2016; Sokolova E. et al., 2020). 
Plants of these crops at the maturation time 
contain a grain in the ear, which, in natural 
conditions, in the full ripeness phase gradually 
loses mechanical connection with it and 
crumbles in to the field. For the harvest of full-
grown grain, it is necessary to carry out timely 
harvesting before it falls off and artificially 
force grain separation from the ear (Bello R.S., 
2012; Buryanov A. et al., 2015b). 
Combine harvesters are now used everywhere 
for harvesting. Up to now, they are the main 
machine for crops’ harvesting. Their designs 
implement a method of threshing and primary 
separation of the harvested heap. This method, 
invented more than a century ago, involves 
cutting the entire crop and feeding it into a 
threshing machine, where it is subjected to the 
drum beaters impact while being dragged 
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through a rigid grid. Up to 80% of the power is 
spent on threshing and grinding the straw, and 
about 7% of the energy is used to separate the 
grain from the recepticale. 
This impact mode on the processed mass in 
combines, necessary for the extraction of grain 
and its separation from the ears of plants 
through the deck, has serious draw-backs.  
First, it is energy-consuming. Moreover, 
secondly, it leads to an overall high level of 
grain injury up to 20-30% of the entire threshed 
mass of grain. 
Injured grain has reduced germination, and 
pathogens develop in the resulting cracks 
during storage. This often makes it impossible 
to obtain quality seed material, and when a 
certain level of concentration of microtoxins is 
reached, the grain is un-suitable not only for the 
production of baked goods, but also for animal 
feed. 
Moreover, the self-drainage process can occur 
in grain crops due to insufficient connection of 
the grain to the ear during untimely harvesting 
(Buryanov A. et al., 2014). This also causes 
grain losses, which amount to millions of tons 
per year. 
Thus, pressing issue of the day is to ensure 
low-energy and low-traumatic forced grain 
extraction from the ear. 
For this purpose, it is necessary not only to 
improve the existing methods and ways of 
grain harvesting (Kolesnikov D.A. et al., 2010; 
Miu P., 2015) but also to develop new highly 
effective physical-mechanical methods of its 
harvesting and, accordingly, to design the 
appropriate equipment (Lachuga U. et al., 
2014; Lysenok O. & Matrosov A, 2014; 
Korotky A. et al., 2019; Ivanov V. et al., 2020). 
The solution of this problem, on the one hand, 
requires the development and creation of 
adequate analytical and numerical physical-
mechanical models, including models based on 
CAD-CAE complexes, which are able to 
describe the interaction between the elements 
of the stem-column-grain system. At the same 
time, on the other hand, there are physical-
mechanical models of the process of working 
bodies of grain harvesting equipment impact on 
the system stem - spike - grain (Lachuga F. et 
al., 2019a; Meskhi B. et al., 2019; Pakhomov 
V. et al., 2020). 
 

MATERIALS AND METHODS 
 
A block theory can be considered as an 
approximate mathematical model considering 
the peculiarities of the geometry. Herewith, in 
general case, the section characteristics and 
mechanical properties depend on the 
longitudinal coordinate of the beam, which 
leads to boundary value problems with variable 
coefficients that can be solved analytically only 
in some particular cases. A simpler model is a 
beam consisting of two homogeneous parts 
(stem and spike) in this case the solution could 
be constructed an-alytically in both static and 
harmonic analysis. 
Ear and grain fluctuation mathematical 
model based on the beam theory 
Continuous one-dimensional ear fluctuation 
model. Ear fluctuations are considered within 
the Euler-Bernoulli beam theory. The ear 
model is represented by an inhomogeneous 
beam with variable cross-section, density, and 
elastic modulus (Figure 1).  
 

 
Figure 1. Ear diagram 

 
The lower end of the rod is fixed, a distributed 
pressure or a concentrated force act on its 
surface, which in general case depend on time 
variable, and in special case it is a harmonic 
influence with circular frequency. The 
fluctuation equation has the form with 
respective transverse displacements and 
appears as following: 
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Where: )(xE  - Young's modulus, )(xJ -
moment of inertia, )(xρ - density. 

Boundary conditions: 
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Initial conditions correspond to the absence of 
motion at the initial moment of time: 
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In general case parameters’ dependence of the 
ear model on the axial coordinate, the solution 
of the initial boundary value problem 1-3 can 
be constructed numerically, particular in 
computer mathematical systems such as Maple 
or MatLAB mathematical packages, using the 
built-in numerical integration procedures of 
differential equations. 
According to Figure 1, the rod consists of two 
main parts, where, in a simplified version, its 
characteristics can be considered constant. In 
this case, the mathematical model (4) consists 
of a differential equations system with constant 
coefficients and boundary conditions, presented 
in formula (2), has the following form: 
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Where: iE   - Young's modulus, iJ  - moment of 
inertia, iρ  - density, which are constant values 
at each site. 
And the docking equations at: 
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For harmonic excitation of fluctuations with a 
circular frequency, the system of equations (4) 
respecting the amplitude of fluctuations will 
look like this: 
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∂
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The homogeneous ( 0)( ≡xq ) boundary value 
equation (6), (2), (5) are considered to find the 
resonant natural frequencies. 
Relative grain motion equations. Figure 2 
shows the layout of the grain in question and 
the mobile coordinate system 3211 xxxO . 

  
Figure 2. Local (mobile) coordinate system 

 
Figure 3 shows the scheme of grain attachment 
to the ear, 3 a) - on the stem, 3 b) - without 
stem. Grain dynamics is investigated in two 
variants: the first model does not take into 
account grain size and considers a material 
point; the second model considers a solid body 
with a given inertia matrix. 

  
             а)        b) 

Figure 3. Grain fixing scheme 
 

The linear stiffness spring 1C  and the spiral 
stiffness spring 2C  simulate grain and ear 
relationship, moreover the linear spring 
corresponds to the stem presence and the spiral 
spring corresponds to the scales interaction. 
Choosing a mobile coordinate system coherent 
with the translational transverse motion of the 
point ( llx += 1 ) of grain to ear attachment, grain 
acceleration can be represented as follows: 

re aaa +=             (7) 

Where: re aa , - transfer acceleration and the 
relative acceleration, respectively: 


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Herewith transport acceleration is found from 
the solution of the corresponding boundary 
value problems of Section 2.1. 
Then the motion of the grain equation with 
mass m  in the mobile coordinate system  

3211 xxxO  with initial conditions will take the 
form: 
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         eamFrm −=                   (9) 

      0|,  | 00 == == tct rrr   

Where: ),,( 321 xxxr =  - radius vector of the 
grain mass center in motion, cr  - radius vector 
of the grain mass center before motion 
commencement, 21 FFFF P ++=  the resultant 
force of the weight and elasticity forces of the 
linear and circular springs respectively: 
 

)0,0,(mgFP −= , ||/||||||11 rrrrCF c−−= , 
 

)0,cos,(sin
||

)( 02
2 ϕϕ

ϕϕ
−

−
=

r
CF , )/arctan( 12 xx=ϕ        (10) 

 
When moving in the plane 211 xxO , the vector 
equation (9) is reduced to a system (taking into 
account the notations   )(),( 21 tyxtxx == ). 
 

𝑑𝑑𝑑𝑑2

𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡2
𝑥𝑥𝑥𝑥(𝑡𝑡𝑡𝑡) = −

𝐶𝐶𝐶𝐶1| − 1 + �𝑥𝑥𝑥𝑥02 + 𝑦𝑦𝑦𝑦02

�𝑥𝑥𝑥𝑥(𝑡𝑡𝑡𝑡)2 + 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡)2
� 𝑥𝑥𝑥𝑥(𝑡𝑡𝑡𝑡)

𝑚𝑚𝑚𝑚
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𝑥𝑥𝑥𝑥(𝑡𝑡𝑡𝑡)� − arctan �𝑦𝑦𝑦𝑦0𝑥𝑥𝑥𝑥0
�� 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡)
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𝑚𝑚𝑚𝑚
+
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+ 𝜔𝜔𝜔𝜔2𝑉𝑉𝑉𝑉0 sin(𝜔𝜔𝜔𝜔𝑡𝑡𝑡𝑡)    (11) 

 
Where: 𝑥𝑥𝑥𝑥0,𝑦𝑦𝑦𝑦0 - initial coordinates of the grain 
mass center, ω - fluctuations’ circular 
frequency of the ear, 𝑉𝑉𝑉𝑉0 - point fluctuations’ 
amplitude 1O  center of grain attachment 
(Figure 3). 
Equations 9 and 10 are nonlinear differential 
equations and its solutions can be numerically 
constructed. As a result, maximum elastic force 

1F , moment of elasticity  ϕ22 CM =  , and their 
effect 21, AA  in the increasing section || r   and 

||ϕ , can be found 
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In turn these are compared to similar 
experimental data related to grain extraction 
from the ear, obtained in experiments on grain 
extraction from the ear (Shack Yu. et al., 2013; 
Lachuga Y. et al., 2019b; Matrosov M. et al., 
2020). 
Analytical solution to the problem. The 
solution of the homogeneous boundary value 
problem (6), (2), (5) will be found in the form 
(here and below )(),( 21 xvxv  denoted by 
𝑦𝑦𝑦𝑦1(𝑥𝑥𝑥𝑥),𝑦𝑦𝑦𝑦2(𝑥𝑥𝑥𝑥), а 21, ll  and by 𝐿𝐿𝐿𝐿1, 𝐿𝐿𝐿𝐿2 respectively) 
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+ 𝐶𝐶𝐶𝐶8 �
1
2
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝑥𝑥𝑥𝑥) +

1
2
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠ℎ(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝑥𝑥𝑥𝑥)�                                                                 (14)
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where, to simplify the notation, we use the 

following   𝛽𝛽𝛽𝛽1 ≔ (𝑝𝑝𝑝𝑝1𝜔𝜔𝜔𝜔
2

𝐸𝐸𝐸𝐸1𝐽𝐽𝐽𝐽1
)�

1
4�𝐿𝐿𝐿𝐿1, 𝑘𝑘𝑘𝑘 ≔

(𝑝𝑝𝑝𝑝2𝐸𝐸𝐸𝐸1𝐽𝐽𝐽𝐽1𝑝𝑝𝑝𝑝1𝐸𝐸𝐸𝐸2𝐽𝐽𝐽𝐽2
)�
1
4�𝐿𝐿𝐿𝐿2

𝐿𝐿𝐿𝐿1
 

cosh( ) and  sinh( ) - are hyperbolic cosine and 
sine, respectively. The constants 𝐶𝐶𝐶𝐶1,𝐶𝐶𝐶𝐶2, … ,𝐶𝐶𝐶𝐶8  are 
found further from the boundary and coupling 
conditions. 

Satisfying the boundary conditions at the ends 
of the beam we obtain 
 

𝐶𝐶𝐶𝐶1 ≔ 0,𝐶𝐶𝐶𝐶2 ≔ 0,𝐶𝐶𝐶𝐶7 ≔ 0,𝐶𝐶𝐶𝐶8 ≔ 0      (15) 
 

The docking conditions (5) lead to a linear 
system: 

 

𝐶𝐶𝐶𝐶3 �
1
2
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠ℎ(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1) −
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𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1)� + 𝐶𝐶𝐶𝐶4 �−

1
2
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1) +

1
2
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠ℎ(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1)�

− 𝐶𝐶𝐶𝐶5 �
1
2
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠ℎ(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) +

1
2
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2)� − 𝐶𝐶𝐶𝐶6 �

1
2
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) +

1
2
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠ℎ(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2)� = 0 

  

𝐶𝐶𝐶𝐶3 �
1
2
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠ℎ(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1)𝛽𝛽𝛽𝛽1 +

1
2
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1)� 𝛽𝛽𝛽𝛽1 + 𝐶𝐶𝐶𝐶4(−

1
2

cos(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1)𝛽𝛽𝛽𝛽1 +
1
2

cosℎ(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1))𝛽𝛽𝛽𝛽1

+ 𝐶𝐶𝐶𝐶5 �
1
2
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠ℎ(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2)𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1 −

1
2
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2)𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1�

+ 𝐶𝐶𝐶𝐶6 �
1
2
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2)𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1 +

1
2
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠ℎ(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2)� 𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1 = 0 

 

𝐶𝐶𝐶𝐶3 �
1
2
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠ℎ(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1)𝛽𝛽𝛽𝛽12 +

1
2
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1)� 𝛽𝛽𝛽𝛽12 + 𝐶𝐶𝐶𝐶4 �

1
2

sin(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1)𝛽𝛽𝛽𝛽12 +
1
2

sin ℎ(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1))𝛽𝛽𝛽𝛽12�

− 𝐶𝐶𝐶𝐶5 �
1
2
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠ℎ(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2)𝑘𝑘𝑘𝑘2𝛽𝛽𝛽𝛽12 −

1
2
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2)𝑘𝑘𝑘𝑘2𝛽𝛽𝛽𝛽12�

− 𝐶𝐶𝐶𝐶6 �−
1
2
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2)𝑘𝑘𝑘𝑘2𝛽𝛽𝛽𝛽12 +

1
2
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠ℎ(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2)� 𝑘𝑘𝑘𝑘2𝛽𝛽𝛽𝛽12 = 0                             (16) 

 

𝐶𝐶𝐶𝐶3 �
1
2
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠ℎ(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1)𝛽𝛽𝛽𝛽13 −

1
2
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1)� 𝛽𝛽𝛽𝛽13 + 𝐶𝐶𝐶𝐶4(

1
2

cos(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1)𝛽𝛽𝛽𝛽13 +
1
2

cos ℎ(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1))𝛽𝛽𝛽𝛽13

+ 𝐶𝐶𝐶𝐶5 �
1
2
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠ℎ(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2)𝑘𝑘𝑘𝑘3𝛽𝛽𝛽𝛽14 +

1
2
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2)𝑘𝑘𝑘𝑘3𝛽𝛽𝛽𝛽13�

+ 𝐶𝐶𝐶𝐶6 �−
1
2
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2)𝑘𝑘𝑘𝑘3𝛽𝛽𝛽𝛽13 +

1
2
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠ℎ(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2)� 𝑘𝑘𝑘𝑘3𝛽𝛽𝛽𝛽13 = 0 

 
Matrix A of the system (16) looks like: 
 

 
 

𝐴𝐴𝐴𝐴 =  

⎣
⎢
⎢
⎡cosh(𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿1) − cos(𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿1) sinh(𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿1) −  sin(𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿1) −sin(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿2) −  sinh(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿2) − cosh(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿2) −  cos(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿2)

sinh(𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿1) + sin(𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿1)
cosh(𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿1) + cos(𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿1)
sinh(𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿1) −  sin(𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿1)

cosh(𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿1) −  cos(𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿1) 𝑘𝑘𝑘𝑘(cos(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿2) + cosh(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿2)) 𝑘𝑘𝑘𝑘 (−sin(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿2) + sinh(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿2))
sinh(𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿1) +  sin(𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿1) −𝑘𝑘𝑘𝑘2(−sin(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿2) + sinh(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿2)) 𝑘𝑘𝑘𝑘2(cos(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿2) − cosh(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿2))
cosh(𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿1) + cos(𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿1) −𝑘𝑘𝑘𝑘3(cos(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿2) −  cosh(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿2)) 𝑘𝑘𝑘𝑘3(sinh(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿2) + sin(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1 𝐿𝐿𝐿𝐿2)) ⎦

⎥
⎥
⎤

 
Equality to zero of the determinant D = det 
(A) = 0 of the matrix A is the equation aimed 
at finding natural frequencies. 

  

 
4𝑘𝑘𝑘𝑘(1 − cosh(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1) sin(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1) 𝑘𝑘𝑘𝑘3 cosh(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) sin(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) −
cosh(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1) sin(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1) 𝑘𝑘𝑘𝑘3 cos(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) sinh(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) + cosh(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1) cos(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1) 𝑘𝑘𝑘𝑘4 cos(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) cosh(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) +
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠ℎ(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠ℎ(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1) 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1)𝑘𝑘𝑘𝑘 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ℎ(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) −
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠ℎ(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1) 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1) 𝑘𝑘𝑘𝑘 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠 ℎ(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) −
2 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠ℎ(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1) 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1)𝑘𝑘𝑘𝑘2 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠ℎ(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) +
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1) 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ℎ(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1)𝑘𝑘𝑘𝑘3 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠 ℎ(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠ℎ(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) + 𝑘𝑘𝑘𝑘4 +
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠ℎ(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1) 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1) 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠ℎ(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1) 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠ℎ(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1)𝑘𝑘𝑘𝑘 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ℎ(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) −
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1) 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠 ℎ(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1)𝑘𝑘𝑘𝑘 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ℎ(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) +
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠ℎ(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1) 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿1)−𝑘𝑘𝑘𝑘4 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠ℎ(𝑘𝑘𝑘𝑘𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) − 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠ℎ(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2) 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠(𝛽𝛽𝛽𝛽1𝐿𝐿𝐿𝐿2)𝑘𝑘𝑘𝑘4 = 0                       (17) 
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In particular, with 𝑘𝑘𝑘𝑘 = 0.1,  𝐿𝐿𝐿𝐿1 = 0.8 𝑚𝑚𝑚𝑚,  𝐿𝐿𝐿𝐿2 =
0.09 𝑚𝑚𝑚𝑚, the dependence of the normalized value 
of the determinant 𝐷𝐷𝐷𝐷(𝛽𝛽𝛽𝛽1) on the parameter 𝛽𝛽𝛽𝛽1 
looks like (Figure 4) 
 

 
Figure 4. Plot of determinant versus parameter 

 
The first three roots are equal, respectively: 
 
 344.211 =β , 868.512 =β ,  818.911 =β  
 
Analysis of the natural waveforms shows that 
the form corresponding to the second natural 
frequency is characterized by intensive 
movement of the part of the ear containing 
grains, which agrees with the results obtained 
earlier by the finite element method. The 
frequency interval corresponding to the second 
natural frequency can be called the low-
frequency range, in which effective grain 
extraction from the ear is possible. It should be 
noted that this mode can be implemented 
directly in the field when the ear is not 
separated from the stem and the stem is not cut. 
 
RESULTS AND DISCUSSIONS 
 
The second frequency range, in which effective 
grain extraction from the ear is possible, is the 
range of intense grain vibrations itself in the 
ear. Here, it should be noted, several modes 
associated with different grain maturity de-
grees, namely: the grain is attached to the stalk; 
the grain is held by the scales. This frequency 
range can be called - the high-frequency range, 
because it is a kilohertz interval. 
To carry out numerical calculations on the 
developed mathematical model, experimental 
data on the deformation and destruction of 

plant elements obtained earlier were used 
(Shack Yu. et al., 2013; Lachuga Y. et al., 
2019b; Matrosov M. et al., 2020). 
Numerical experiments to determine the grain 
motion characteristics in this range were 
carried out in the software complex of finite 
element analysis ACELAN (Belokon A. et al., 
2000; Belokon A. et al., 2002). Quadratic finite 
elements were used, the finite-element mesh 
was thickened until the results of the 
calculations became independent of its shape. 
In a numerical experiment the fluctuations of 
an individual grain at different stages of its 
maturation were considered: in case of its 
connection with the ear (early stage) and in the 
absence of such a connection (late stage).  
Modal analysis was carried out, natural 
resonance frequencies and forms of fluctuations 
were found. Figures 5-19 show the results for 
the frequencies at which the fluctuations of the 
grain contribute to its separation from the ear. 
The Figures 5-19 show the parameters of the 
corresponding value indicated in the figure 
caption: the blue color corresponds to a smaller 
value, the red one to a larger one. Figures 5-6 
shows the units of measurement. The sides of 1 
square are 1 mm. The scale is identical for 
Figures 5-19. 
 

  
Figure 5. Bending form of grain fluctuation on the stem 

without scales’ connection (horizontal displacement 
distribution) (fluctuation frequency 2.36 kHz) 

 

 
Figure 6. Bending form of grain fluctuation on the stem 

without scales’ connection (distribution of normal 
vertical stresses) (fluctuation frequency 2.36 kHz) 
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Figure 7. Bending form of grain fluctuations on the stem 
without scales’ connection (stress intensity distribution) 

(fluctuation frequency 2.36 kHz) 
 

Thus, Figures 5-7 show distributions of the 
stress-strain state (DSS) of the grain at its own 
frequency of 2.36 kHz, in the case of its not 
interacting with the scales, in the presence of 
connection of the grain with the ear through the 
stalk. The character of movement corresponds 
to the fluctuation of the grain at the stalk 
(Figure 5), in which the maximum stresses 
arise (Figures 6, 7), this may serve as the basis 
for its detachment from the ear. Figures 8 and 9 
show similar results with a rigid connection 
between the grain and the flakes, due to their 
rigidity, the frequency increases compared to 
the previous case. There is a qualitative overlap 
of DSS characteristics with the previous case. 
 

  
Figure 8. Bending form of grain fluctuation on the stem 

with a scales’ connection (horizontal displacement 
distribution) (fluctuation frequency 2.97 kHz) 

 

  
Figure 9. Bending form of grain fluctuation on the stem 

with scales’ connection (stress intensity distribution) 
(fluctuation frequency 2.97 kHz) 

  
Figure 10. The bending form of grain fluctuation without 
a stalk with scales’ connection (distribution of horizontal 

displacements) (fluctuation frequency 0.95 kHz) 
 

  
Figure 11. The bending form of grain fluctuations 

without a stem with scales’ connection (stress intensity 
distribution) (fluctuation frequency 0.95 kHz)   

 
Figures 10 and 11 show the results of bending 
grain fluctuations in the second maturity stage 
(no connection with the stalk), the maximum 
stresses occur at the base of the scales, which 
may be a sign of their destruction if the 
fluctuations amplitude is sufficient. 
The figures below show fluctuations forms and 
characteristics of the stress-strain state during 
vertical movement of the grain without 
connection with the scales and in the presence 
of this connection. It should be noted, that the 
natural sequences in this case are much higher 
than the previous bending modes. 
 

  
Figure 12. Vertical shape of grain fluctuation on the stem 

without scales’ connection (distribution of vertical 
displacements) (fluctuation frequency 56.01 kHz) 
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Figure 13. Vertical shape of grain fluctuation on the stem 

without scales’ connection (distribution of stress 
intensity) (fluctuation frequency 56.01 kHz) 

 

  
Figure 14. Vertical shape of grain fluctuation on the stem 

without scales’ connection (vertical stress distribution) 
(fluctuation frequency 56.01 kHz) 

 
Figures 12-14 show the distribution of vertical 
displacements and voltages at 56.01 kHz in the 
scale presence. The maximum stress level is in 
the material of the stalk, which contributes to 
its destruction. Figures 15-16 show similar 
results in the presence of a rigid connection to 
the scales. The natural frequency in this case is 
slightly lower and is 54.63 kHz. The maximum 
stress levels also, as in the previous case, occur 
in the stalk. 
 

  
Figure 15. Vertical shape of grain fluctuation on the stem 

with scales’ connection (distribution of vertical 
displacements) (fluctuation frequency 54.63 kHz) 

 

 
Figure 16. Vertical shape of grain fluctuation on the stem 
with scales’ connection (distribution of stress intensity) 

(fluctuation frequency 54.63 kHz) 

Finally, in this case, at the natural frequency of 
61.88 kHz, intensive movement of the grain in 
the horizontal direction is observed in a 
fluctuation mode. Figure 17 shows the stress 
intensity distribution, the maximum of which is 
observed in the stalk, which contributes to its 
destruction. 
 

  
Figure 17. Shape of fluctuations with horizontal shift of 

the grain on the stem with scales’ connection 
(distribution of stress intensity) (fluctuation frequency 

61.88 kHz) 
 

Figures 18-19 show vertical displacements and 
stress intensity distributions in the absence of 
the peduncle, but with the grain connection 
with the scales, at the natural frequency of 
11.73 kHz, which, due to the lower rigidity of 
the scales compared to the peduncle, is much 
lower than the case in which there is a peduncle. 
The maximum stresses, as before, occur at the 
place where the scales are attached to the spike, 
which will also lead to their detachment. 
 

  
Figure 18. Vertical shape of the fluctuation of the grain 
without a stem with scales’ connection (distribution of 
vertical displacements) (fluctuation frequency 11.73 kHz) 

 

  
Figure 19. Vertical shape of grain fluctuations without a 

stem with scales’ connection (distribution of stress 
intensity) (fluctuation frequency 11.73 kHz) 
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Analysis of the numerical results given in 
section 3 shows two frequency intervals of 
effective impact on the plants for the purpose 
of grain extraction. 
The first low-frequency interval (tens of hertz, 
specific values depend on plant parameters) 
allows to excite significant ear vibrations, while 
the stem makes vibrations with relatively small 
amplitude. This frequency interval of 
influences can be used under field conditions, 
which will lead to active grains’ extraction 
from the ear, leaving practically untouched 
stems. 
The second interval is high-frequency (from 
tenths of kHz to tens of kHz, specific values 
depend on plant parameters and degree of grain 
ripening) characterized by intensive grain 
movement: these are bending grain movements 
with the stem and scales, which can lead to 
separation of the grain through breaking scales 
from the ear; and grain movement along the 
chamber, which can lead to its separation 
leaving scales undamaged, which is most 
beneficial from an energy consumption 
perspective. 
 
CONCLUSIONS 
 
The article presents developed series of 
fluctuation models of the stem with the ear and 
the individual grain in the ear. The applied 
beam theory and the general continuum 
formulation within the linear theory of 
elasticity are used. Numerical calculations on 
the basis of the general model by means of the 
finite element method were performed. 
Numerical calculations of natural frequencies, 
fluctuation forms, and established fluctuations 
of the developed approaches are carried out 
both for the plant as a whole and its parts 
separately. The developed applied theories 
have shown their adequacy within the limits of 
their applicability. 
Thus, models and tools for vibration analysis 
have been developed, allowing finding 
vibration amplitudes, mechanical stresses or 
forces (forces and moments) both analytically 
or numerically. These can be compared to 
critical values in plant elements destruction and 
grain extraction. 
The natural frequencies show that at the value 
of natural frequencies of grain fluctuations 

131,6 Hz and 1274,9 Hz the grain itself 
fluctuates predominantly, and at frequencies 
1622,8 Hz, 7367.3 Hz, 9396.0 Hz and 13491,0 
Hz the flakes vibrate. 
Earlier field tests confirmed the results of 
theoretical and numerical analysis on the 
presence of two impact frequency ranges on the 
plant as a whole and on the ear, at which grains 
can be effectively extracted from the ear. 
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